Abstract-We develop a theoretical formula of spin Hall torque in the presence of two ferromagnets. While the direction of the conventional spin Hall torque always points to the in-plane direction, the present system enables to manipulate the torque direction acting on one magnetization by changing the direction of another magnetization. Based on the diffusion equation of the spin accumulation and the Landauer formula, we derive analytical formula of the spin Hall torque. The present model provides a solution to switch a perpendicular ferromagnet deterministically at zero field using the spin Hall effect.
I. INTRODUCTION
S PIN-orbit interaction in a nonmagnetic heavy metal generates pure spin current flowing along the direction normal to an electric current. The phenomenon called spin Hall effect [1] [2] [3] has attracted much attention as a new method to excite spin transfer torque [4, 5] on a magnetization in a ferromagnet layer adjacent to the nonmagnetic layer [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] . In particular, magnetization switching of a perpendicular ferromagnet is an important issue for practical application.
Unfortunately however, it is difficult to switch the perpendicular magnetization solely by the spin Hall effect due to the following reason. Let us assume that an electric current flows along x-direction, while a ferromagnet is set in z-direction. Then, the direction of the spin polarization of the pure spin current generated by the spin Hall effect is geometrically determined to be induced in y-direction [21] . The spin Hall torque exerted by this pure spin current tries to move the magnetization from the perpendicular (z) direction to the ydirection, and finally, the magnetization stops its dynamics when it becomes parallel to the y-axis. Since the spin Hall torque does not break the symmetry with respect to the filmplane, the magnetization does not cross the film plane. Therefore, we cannot switch the magnetization deterministically from one equilibrium direction to the other. To overcome this problem, usually an in-plane field along the x-direction is applied [6] . Using a ferromagnet with a tilted anisotropy or non-uniform anisotropy are other solutions [14, 16, 20] .
In this paper, we propose another solution to switch perpendicular ferromagnet deterministically by using the spin Hall effect. As schematically shown in Fig. 1(a) , the system consists of two ferromagnets, F 1 and F 2 , and three nonmagnets, N, N 1 , and N 2 . The two nonmagnets, N 1 and N 2 , show spin-orbit interactions, and inject pure spin current into the F 1 and F 2 layers via the spin Hall effect. The N layer is just a spacer, and does not show spin-orbit interaction. Current is passed along the x-direction and flows within the N 1 and N 2 layers. The F 2 layer is a free layer, and has a perpendicular anisotropy. The spin Hall torque acting on the magnetization of the F 2 layer consists of three contributions. The first one is the conventional spin Hall torque caused by the pure spin current injected from the N 2 layer, which is denoted as τ (1) in Fig. 1(b) . The second contribution comes from the electrons passing through from N 2 to N 1 layer. Due to the diffusion between the N 1 and N 2 layer, these electrons can return back to the F 2 layer, and excites the spin Hall torque denoted as τ (2) in Fig. 1(b) . The third contribution comes from the pure spin current originated in the N 1 layer, and is denoted as τ (3) in Fig. 1(b) . While the first torque τ (1) points to the y-direction, as in the case of the conventional spin Hall system, the directions of τ (2) and τ (3) depend on the magnetization of the F 1 layer. This is because the longitudinal and transverse spin currents [22] [23] [24] [25] [26] [27] [28] have different relaxation length scales; here the longitudinal and transverse correspond to parallel and perpendicular to the local magnetization, respectively. Deterministic switching of the F 2 layer is possible when the F 1 layer tilts from the zaxis. In the following, we derive the explicit forms of the spin Hall torques, τ (i) (i = 1, 2, 3), based on the diffusion equation of the spin accumulation and the Landauer formula.
This paper is organized as follows. In Sec. II, we derive a theoretical formula of the spin torque acting on the magnetization of the F 2 layer in the geometry given by Fig. 1(a) . In Sec. III, we show evidence of the deterministic switching in the F 2 layer by solving the Landau-Lifshitz-Gilbert (LLG) equation. The conclusion is summarized in Sec. IV.
II. SPIN HALL TORQUE FORMULA
The system we consider is schematically shown in Figs. 1(a) and 1(b). We denote the thicknesses of the N k and F k layers as
The unit vector pointing in the magnetization direction of the F k layer is denoted as m k . The electric field E x is applied along the x-direction, and generates an electric current density in the nonmagnet [21] 
where σ N k and ϑ N k are the conductivity and the spin Hall angle of the N k layer, respectively. The spin accumulation in the N k layer is denoted as µ N k . Similarly, the spin current density in the nonmagnet flowing along the z-direction is [21]
where the vector represents the direction of the spin polarization. The spin accumulation in the nonmagnet obeys the diffusion equation, and its solution can be expressed by a linear combination of e ±z/λN , where λ N is the spin diffusion length. The pure spin current injected from the nonmagnet creates a spin accumulation in the ferromagnet. The spin accumulation in a ferromagnet, µ F , can be decomposed into the longitudinal and transverse components as µ
The relaxation length scale of the longitudinal spin accumulation, called the spin diffusion length, depends on the spin-flip scattering time, and is on the order of 1-10 nm [22] . The relaxation length of the transverse spin accumulation, called the penetration depth of the transverse spin current, depends on both the spin-flip scattering time and precession period of spin around the local magnetization due to the exchange coupling. Since the penetration depth of the transverse spin current is usually shorter than the spin diffusion length [23] [24] [25] [26] [27] [28] , let us assume that the spin accumulation in the F layer, µ F , has only the longitudinal component, for simplicity. In other words, the direction of the spin polarization of the electrons becomes parallel to the magnetization direction when it is injected into the ferromagnet. We note that a finite penetration depth of the transverse spin current can be taken into account in the following calculations, as done in the case of spin pumping [26] . It does not however affect the main conclusion significantly, in spite of the fact that it makes the calculations complex. The important point is that the longitudinal and transverse spin currents relax with different length scales, and therefore, the direction of the spin polarization of the spin current is modified by passing through a ferromagnet. The idea is similar to what is used in Ref. [29] .
At both ends of the nonmagnets, N 1 and N 2 , the spin currents are zero. On the other hand, the spin current density at the F/N interface flowing from F to N layer is given [23] 
where S is the cross section area of the xy-plane (Eq. (3) is applicable to both F k /N and F k /N k interfaces).
are the total F/N interface conductance and its spin polarization, respectively. We neglect spin-flip scattering at the interface. The conductance g is related to the F/N interface resistance r via g/S = h/(e 2 r). The real part of the mixing conductance is denoted as g r . For simplicity, we neglect the imaginary part of the mixing conductance, which is usually negligible in a metallic currentperpendicular-to-plane system [23, 24] but might be large in spin Hall geometry [11] [12] [13] [14] [15] [16] . The spin Hall torque acting on the magnetization of the F k layer is given by
where γ 0 is the gyromagnetic ratio of the F k layer.
We assume that the N layer sandwiched by the two ferromagnets is sufficiently thin compared to its spin diffusion length, and therefore, the spin current in the N layer is conserved, i.e., J 
where (k, ℓ) = (1, 2) or (2, 1). The following notations are introduced;
where
and ρ = 1/σ. The spin polarization of the conductivity is denoted as β = (σ
. A calculation of spin Hall torque in a system including two ferromagnets with a different geometry was developed in Ref. [30] .
In Eq. (5), the first torque proportional to τ
(1) k originates from the pure spin current injected from the N k layer via the spin Hall effect, and points to the y-direction, as in the case of the conventional spin Hall torque. The second term proportional to τ (2) k originates from the electrons passing from the N k layer through the F k layer and being reflected from the N ℓ layer (ℓ = k) This torque becomes zero when m ky = 0 because the spin current from the N k layer is completely absorbed at the F k /N k interface, and therefore the electrons passing through the F k layer and diffusing between the N 1 and N 2 layers do not have net spin polarization. Similarly, this torque also becomes zero when m 1 · m 2 = 0 because in this case the spin current is completely absorbed at the F k /N k or F ℓ /N interface. The third term proportional to τ (3) k originates from the pure spin current injected from the N ℓ layer. Due to the absorption of the transverse spin current in the N ℓ layer, this torque is zero when m ℓy = 0.
The directions of the second and third torques acting on the F k layer, m k × (m ℓ × m k ), can be changed by controlling the magnetization direction of the other layer, m ℓ . This is because the direction of the spin polarization is modified by passing through the ferromagnet due to the different relaxation lengths between the longitudinal and transverse spin currents. Now let us assume that the magnetization in the F 1 layer, m 1 , tilts from the z-axis. Then the second and third torques acting on the magnetization of the F 2 layer remain finite even when m 2 arrives at the film-plane, contrary to the first torque which becomes zero when m 2 becomes parallel to the y-axis, as in the case of the conventional spin Hall torque. Depending on the direction of the electric field E x , the second and third torques move the magnetization m 2 to the positive or negative z-direction. Therefore, a deterministic switching of m 2 can be expected. A finite tilted angle of m 1 is necessary to break the symmetry with respect to the film-plane and induces the deterministic switching. If m 1 e z , and when m 2 arrives at the film-plane, the second and third torques in Eq. (5) become zero. Then, the magnetization will be stopped at the plane, as in the case of the conventional spin Hall system.
III. LLG EQUATION
Using Eq. (5), the LLG equation of the F k layer becomes
where the spin Hall torque τ k is given by Eq. (5). As mentioned above, we assume that the magnetization of the F 1 layer is fixed, while that of the F 2 layer changes its direction according to Eq. (15) . The magnetic field acting on m 2 , H 2 = H K m 2z e z , consists of the perpendicular anisotropy field H K . The Gilbert damping constant of the F 2 layer is denoted as α. In the absence of the electric field E x , the F 2 layer has two stable states, m 2 = ±e z . In this calculation, we assume that the magnetization m 2 initially points to the positive z-direction. We assume that the parameters of the N 1 and N 2 layers, as well as those of the F 1 and F 2 layers, are identical. We define the current density j as j = σ N1 E x = σ N2 E x . Linearizing Eq. (15) around the initial state, we found that the magnetization of the free (F 2 ) layer is destabilized when the current magnitude is larger than a critical value,
where P is given by
We confirm the deterministic switching of m 2 from m 2 = +e z to m 2 = −e z by numerically solving Eq. (15) . The values of parameters are taken from typical experiments in CoFeB/TaN heterostructure [16] or similar metallic F/N multilayer [22] [23] [24] [25] [26] as λ F = 12 nm, ρ F = 1600 Ωnm, β = 0.56, d F = 1 nm, λ N = 2.5 nm, ρ N = 3750 Ωnm, d N = 4 nm, ϑ = 0.1, r = 0.28 kΩnm 2 , γ = 0.70, g r /S = 15 nm −2 , γ 0 = 1.764 × 10 7 rad/(Oe s), α = 0.005, M 2 = 1250 emu/cm 3 , and H K = 450 Oe, where, we assume that the interface conductances, g and g r , at the F k /N k and F k /N interfaces are the same. We assume that the magnetization of the F 1 layer points to the direction m 1 = (sin θ p cos ϕ p , sin θ p sin ϕ p , cos θ p ) where θ p = 30
• and ϕ p = 90
• . The critical current density estimated by Eq. (16) is 1.98 × 10 6 A/cm 2 . Figure 2 shows the time evolution of m 2z obtained from Eq. (15) with these parameters and several current densities. The dynamics becomes relatively slow around m 2z ∼ 0.6 − 0.8 where m 2 becomes almost parallel to m 1z , and therefore, the second and third torques in Eq. (5) become small. As shown, the deterministic switching from the positive to negative z-direction is confirmed.
The switching occurs at the current density of j sw ≃ 2.9 × 10 6 A/cm 2 , which is larger than the critical current density. Note that the critical current determines the instability of the initial state, while the instability does not guarantee the switching. Let us define the balance current density j(E) as a current satisfying dt(dE/dt) = 0, where
/2 is the energy density, and the integral region is over the constant energy curve. The constant energy curve corresponds to a precession trajectory with a constant angle θ = cos −1 m z = cos
As discussed in Ref. [31] , the critical and switching current densities are defined as j c = lim E→Emin j(E) and j sw = max[j(E)], respectively, which are not necessarily same. The analytical solution of j(E) for an arbitrary E is complex. Instead, we show the numerically calculated j(E) as a function of θ in the inset of Fig. 2 . As shown, j(E) has a maximum at θ ≃ 55
• . Therefore, j(θ ≃ 55
• ) = 2.9 × 10 6 A/cm 2 is the theoretical switching current density, which is consistent with the numerical result in Fig. 2 . On the other hand, j c corresponds to j(θ → 0
• ). When the current density is larger than j c and smaller than j sw , the self-oscillation of the magnetization can be expected, which is beyond the scope of this paper.
IV. CONCLUSION
In conclusion, we propose a model of deterministic magnetization switching in a perpendicular ferromagnet by spin Hall effect. The system consists of two ferromagnets and three nonmagnets. The nonmagnets generate pure spin current by the spin Hall effect, whose spin polarization points to the inplane (y) direction. Passing through a ferromagnet however, the direction of the spin polarization is modified due to the different relaxation length scales of the longitudinal and transverse spin currents. Consequently, a tilt of the magnetization in one ferromagnet breaks the symmetry of the system, and the spin Hall torque excited in such geometry enables to switch a perpendicular magnetization in another ferromagnet deterministically. The idea was confirmed by deriving the spin Hall torque formula and solving the LLG equation numerically.
